Modular Representation Theory

Notes by Eve Pound*

Based on lectures by Stuart Martin'

0 Informal Chat

The role of modular representation theory is roughly that summarised by the
following picture.

Modular representation theory

an algebra A ——| Black box |— information about A-modules

Definition. An algebra A is a vector space over a field k with a multiplication.

Example 0.1. The group algebra A = kG = span{g | g € G), so the elements
of G form a basis and the multiplication is inherited from the group.

An A-module / representation of A is a finite dimensional vector space V over
k with an A-action. Representation theory tries to break up A-modules into
pieces. An A-module module M is indecomposable if M 2% My & My as A-
modules where M7, My are nonzero. An A-module M is irreducible/simple if it
has no A-submodules except 0, M.

An algebra A is semisimple if the concept of being indecomposable is the
same as the concept of being irreducible for A-modules. This is ordinary repre-
sentation theory. The non-semisimple case is modular representation theory.

A composition series for an A-module M is a sequence

M=My>DM DMy>D...OM; =0
where the M; are submodules of M;_; with M;/M;; simple for all 1.

Theorem 0.2 (Jordan-Holder). Two different composition series for M will
always produce the same multiset M;/M;+1 of simple modules.

Modular representation theory boils down to finding this multiset of compo-
sition factors of M.

*corrections to ep455@Qcam.ac.uk. All errors are mine.
fLectures for Part IIT Representation Theory in Lent 2019 at the University of Cambridge.



Remark. If k = C, then CG is semisimple: this is Maschke’s Theorem [1.10)

Questions. Recall the following questions from ordinary representation theory.
We might want to ask them similar questions in the modular case.

e What are the irreducible modules?
— If k = C, there is a correspondence with irreducible characters.

e How many are there?
— If k = C, the number of conjugacy classes of G

e How do we decompose a representation into a direct sum of irreducibles?
— Again, in the complex case, we have a handle.

If k = F, then kG cannot be semisimple if p | G. (If p t G, Maschke’s
Theorem holds.) Finite dimensional semisimple algebras are described by the
Artin-Wedderburn theorem [3.9] In the modular case, the corresponding ques-
tions it makes sense to ask are:

e What are the indecomposable modules?
e What are their composition series?

e Compute the irreducible characters: how many are there? It turns out
this is the number of p-regular conjugacy classes (those with order coprime

to p).

Actually the submodules of a given M form a lattice (under inclusion of
submodules) which we would like to understand. The lattice is modular: we can
imagine each edge of the associated Hasse diagram is labelled by a simple module
N7 /N5 where the N; are modules on the ends of the edge. So composition series
are just maximal chains in the lattice of submodules.

Jordan Holder implies that every maximal chain in the lattice of submodules
for M has the same multiset of labels on its edges: this determines the set of
labels.

1 Modules, representations and reducibility

Definition 1.1. If G is a finite group and k a commutative ring of coefficients
then a representation of G over k is a group homomorphism

v : G — GL, (k)
for some n € N. The degree of the representation is n.

Examples 1.2 (of modules). (a) (G,+) is an abelian Z-module and the sub-
modules are the subgroups.



(b) A ring R is a right R-module with respect to multiplication, and the
submodules are the right ideals.

(c) If R is a ring, R°P is the opposite ring with z o y = yx. Left R-modules
are the same things as right R°®? modules as we can define z - a = ax and
(z-a)b=x(ba) =x(aod) for x € M,a,b € R.

1.3. Let R, S be rings with 1. Suppose an abelian group M is both a left R-
module and a right S-module. M is an (R, S)-bimodule if in addition (rm)s =
r(ms) forallr € R,s € S,;m e M.

For example, if S C R, R is an (R, S)-bimodule.

1.4. An R-module M is finitely generated if all elements of M can be written
as an R-combination of elements of some fixed finite subset of M.

1.5. The group algebra kG consists of linear combinations of elements of G with
coefficients in k, {3°, ayg | @y € k} with natural addition and multiplication
making kG into a ring and k-algebra.

1.6. Every left kG-module induces some (unique) representation ¢ of G, and
conversely.

Proof. Given ¢ : G — GL,,(k), let V = k™ a kG-module via, for all v € V|

D agg | v=" ase(g)(v).

geG geG

Conversely, provided a kG-module M when regarded as a k-module via k — kG
is finitely generated and free, we get a representation ¢ by choosing a basis for
M and setting p(g) -v =g - v for all v € k™. O

Example. If £ is a field, the representations of G over k are exactly the finite
dimensional left kG-modules.

1.7. Two representations , v of degree, m,n are similar if m = n and there is
a nonsingular € GL,, (k) such that x¢(g)z~! = 1(g) for all g € G. The words
conjugate and equivalent are also used. This corresponds to an isomorphism
of kG-modules. More generally, a intertwining operator is an n X m matrix X
such that p(g)X = X (g) for all g € G. This corrresponds to a homomorphism
between the corresponding modules.

Reducibility and Decomposability

1.8. A representation ¢ : G — GL, (k) is reducible if it is similar to a represen-
tation of the form
A Bn—i,v’,:|

o) = |:0i n—i Cn—ij



for all g € G. The subspace spanned by the first ¢ basis vectors is an invari-
ant subspace (W < V is invariant if gw € W for all w € W,g € G). The
representation is irreducible or simple if it is nonzero and not reducible.

The representation ¢ is decomposable if it is similar to a representation v

such that ¢ (g) = [8

splits as V' = Wy & Wy with Wy, W5 nonzero submodules. If V' is nonzero and
not decomposable, it is indecomposable.

for all ¢ € G. A kG-module V is decomposable if it

Definition 1.9. A short exact sequence of kG-modules is a sequence of kG-
modules and kG-homomorphisms of the form

0 Vi Vs Vs 0

such that for each pair of composable arrows, the image of the left arrow is the
kernel of the right arrow. That is, V; is isomorphic to a submodule of V5, and
Vs = Vo /Vi. We say that V5 is an extension of Vi by V. We abbreviate and
just write s.e.s. for short exact sequence.

Ases. 0 Vi 22V, b V3 0 is split if there is a map (a
splitting) v : V3 — Va such that oy =1Idy,. Thus, Vo = aV) &@~V3 XV, & Vs.

Example. All short exact sequences of C-vector spaces are split.
Theorem 1.10 (Maschke’s Theorem). If |G| € k* a

B

0 Vi —— Vs Vs 0

is a s.e.s. of kG-modules which splits as a sequence of k-modules then it splits
as a s.e.s. of kG modules.

Proof. Let ¢ : V3 — V5 be a k-splitting and define
T=15 Z 9 " g.
|Gl =

Then

° —1
Bory(x \G|Zg pg(x ng Be(g(x)))

geG geG

since (8 is a kG-homomorphism. Since ¢ is a splitting of k-modules, the above
becomes |Tl:\ deG g tg(z) = x. That v respects addition and multiplication is
immediate, so it remains to check it is a kG-homomorphism. We have

’y(Zahh.x) :|1G|Zg—1<pg<zahh.x>_

heG g€G heG



Since ¢ is a k-homomorphism this is

|G‘ dogle <Z angh - x) = ﬁ Y g7t anplgh-x).

gea heG geG hEG

Swapping the sums and multiplying by hh~! this is equal to

Zahh Zh lg=t o(ghz) = Zahh v(x

heG geG heG
so 7 is a kG-homomorphism. O

Example 1.11. Suppose p | |G| and p | char(k). Then kG is not semisim-
ple: if it were, the trivial module & would appear once as a summand in a
decomposition of kG into simple kG-modules. In particular any composition
series of kG has exactly one factor isomorphic to k, c.f. The augmen-
tation map kG — k sending, for «; € k,g; € g, >, ;g; — > ; has kernel
Yoo =D aigi € kG | Y a; = 0} the augmentation ideal. Note that ). is
a submodule of the group algebra, and kG/ ) . = k the trivial module. For
gEkG1EY gl =1+ (9—1)€ 14> . On the other hand let o € kG be
0 =2 ,eq9- Since p| |G|, 0 € > 5 so the line ko is a submodule of kG also
isomorphic to the trivial module. So, when the series kG D ", D ko D 0 is
refined to a composition series there are at least two factors isomorphic to k, a
contradiction.

2 Hom, tensors, exact sequences

Definition. If R is a ring and M a right R-module, N a left R-module, the
tensor product M®@pgN is an abelian group generated by {m®n | m € M,n € N}
where ® satisfies, for all m,m’ € M,n,n’ € N,r € R :

e (m+m)®@n=(m®en)+ (m @n).
e mr@n=mexrn.
em@n+n)=meOn+maen’.

Examples. e R commutative implies that left and right modules agree so
given two (left) R modules M, N, can form M ®r N an R-module via
r(m®n) =rmQan.

e If M is an (R, S)-bimodule and N is a left S-module, then M ®g N is a
left R module via r(m ®@ n) = (rm) @ n.

e If M is an (R, S)-bimodule and N is a left S-module then Homg (M, N)
is a left R-module via (rf)(m) = f(mr).

e With the hypotheses of the previous point, Homg(N, M) is a right S-
module via (fs)(n) = f(sn).



2.1. Let H < G and suppose M is a kH-module. Then, kG Qg M is a left
kG-module, called the induced module, M 1€ .

Proposition 2.2. If R < S and A is a left S-module, N a left R-module and
M an (S, R)-bimodule then

Homp(N,Homg (M, A)) 2 Homg(M ®r N, A).

Proof. (Sketch.) ¢(a)(m @ n) = a(n)(m) and ¥(8)(n)(m) = S(m @ n) are
mutually inverse. O

Corollary 2.3. Homyy (U, Homyg (kG,V)) = Homgg (kG @ky U, V).
Theorem 2.4 (Frobenius Reprocity / Nakayama Isomorphism).
Homy g (U, V Lg) = Homyg (U 19, V).
Proof. kG is a (kG, kH)-bimodule so by U 1%= kG @,z U so by
Homy,z (U, Homyg (G, V) = Homyq (U 19, V).
Hence it suffices to prove that
V {u= Homye (kG, V).

To see this, define a map 7 from right to left by 7(«) = «(1), giving Homy (kG, V)
the kH structure (ba))(a) = a(ab). Injectivity is immediate since the image at
1 determines the image on kG of a kG-homomorphism. O

Now if U,V are kG-modules, they inherit a k-vector space structure and
o U ®V is a kG-module via g(u ® v) = gu ® gv.

e Homy(U,V) is a kG-module: if f € Homy(U,V),g € G, then define
(9f)(u) = gf(g~ ).

Soif U, V, W are kG-modules then by [2.2]there is an isomorphism of kG-modules
Homy, (U, Homy (V, W)) = Homy (U @ V, W).
Taking G-fixed points on both sides we get
Homy (U, Homg (V, W)) — Homgg (U @ V, W).
Proposition 2.5. If M is a right R-module and

0 N N’ N" 0

is a s.e.s. of left R-modules,

0 — Mr N —— MrN —— M QrN'" —— 0



1s exact on the left.

Proposition 2.6. If M, N,N’,N" are left R-modules and

0 N N’ N" 0

s a s.e.s. of left R-modules, then so are

0 —— Hompg(M,N) —— Hompg(M,N') —— Hompr(M,N") —— 0
and

0 —— Hompg(N,M) —— Hompg(N’', M) —— Homg(N", M) —— 0.

B

Lemma 2.7. If 0 M, —= M, M3 0 isas.e.s. of finite
dimensional kG-modules and k is a field, then the sequence splits.

3 Wedderburn’s structure theorem

Let R be a ring with 1.
Definition 3.1. The Jacobson radical of R

J(R) = (" |{maximal left ideals of R}.

Example. J(Z) =0=)

p prime pZ

If M is any R-module, the annihilator
anng(M) ={a € R:am =0 for all m € M}.

Recall that simple left R-modules are quotients of R by maximal left ideals.
Conversely, if S is a simple left R-module, 0 # = € S, then the map R — S
given by right multiplication by z is surjective. Let M be the kernel, then we
have S =2 R/M.

Theorem 3.2.
J(R) = m anng(M) = ﬂ anng(R/M).
M simple left Mmax
R-module left ideal

So, we may conclude that, as each anng(M) is a 2-sided ideal, J(R) is a
2-sided ideal.

Theorem 3.3. J(R) ={y€ R:a,b€ R = 1— ayb has a 2-sided inverse}.
Corollary 3.4. J(R) is the intersection of mazimal right ideals of R.

Theorem 3.5 (Nakayama’s Lemma). If M is a finitely generated R-module
such that J(R)YM = M then M = 0.



The idea of the proof is to take a minimal generating set for M and then
use to kill a generator off.

Example. If S is a simple R-module, then J(R)S = 0.

Definition 3.6. An R module M is semisimple / completely reducible if every
R submodule of M is a summand. Equivalently, M is a direct sum of simple
modules.

Proposition 3.7. 1. Fvery submodule of a semisimple module is semisim-
ple, and a direct summand.

2. Every quotient of a semisimple module is semisimple.
3.8. If R is left Artinian then the following are equivalent:
(i) J(R) = 0;
(ii) Every finitely generated R-module is semisimple;
(iii) Every R-module is semisimple.

Proof. If J(R) = 0, let M Cr R be minimal such that it is the intersection of a
finite set of maximal ideals M;. Then M = (0) since J(R) = 0. So, 0 = (i, M;
for some maximal ideals M;. There is an injection R — @, R/M; = @ S; for
S; simple so grR is semisimple. Note that we require R to be Artinian to have
a finite direct sum.

Now suppose gR is semisimple. Then J(R) is a submodule and therefore a
direct summand,

rR=J(R)®r R/J(R).
So
J(rR) = J(J(R) ©r R/J(R)).
Therefore, J(R) = J(R)? so J(R) = 0 by Nakayama’s Lemma. O

In particular, in the semisimple case there is no loss in assuming finite gen-
eration.

Theorem 3.9 (Artin-Wedderburn). Let R be a finite dimensional k-algebra
such that J(R) =0. Then

R - ﬁ Mai (Al)
i=1

where the A; are division rings with centre containing k, finite dimensional over
k.

Remarks. (a) If k is algebraically closed, the only finitely dimensional di-
vision rings over k are k itself. For example, since CG is semisimple
and C is algebraically closed, CG = [], M,,(C). For example, CS3 =
CxCx MQ ((C)



(b) If k =R, then A; € {R,C,H} the set of all finite dimensional associative
division rings (Frobenius’ theorem).

(c) If k is finite then each A, is a finite field (Wedderburn’s little theorem).

(d) If R = U,(k) upper triangular matrices (c.f. [Alp86]) then

0 =* =
J(R) = . 4|, R=JR)®D
0

with D the diagonal matrices. Now J(D) = 0 so applies and D =
ke ke -k If M;is the elements of R with 0 in the ¢th diagonal
position then S; = U, (k)/M; is simple.

(e) In general, J(R/J(R)) =0 so always applies to R/J(R).

(f) If R is a finite dimension k-algebra and each A; = k then k is called a
splitting field for the algebra R.

Proof. See [Webl6, 2.1.3]. O

4 Brauer characters

Definition 4.1. For p prime, call an element of G a p-element or p-singular if
its order is a power of p. Call it p-regular or a p’-element if its order is coprime
to p.

Lemma 4.2. Given g € G, there is a unique p-element x and a unique p’-
element y such that g = xy. Moreover, if h € G commutes with g, then h
commutes with x,y.

Proof. Let ord(g) = n = p®m with (m,p) = 1. By Euclid’s algorithm there are
integers s,¢ such that sp® +tm = 1 so g = ¢'"¢*?". Let x = ¢!, y = ¢°°".
Then 2P” = y™ = 1 so ord(z) | p* and ord(y) | m so z is a p-element and
y is a p’-element. Since z,y are both powers of g any h commuting with ¢
commutes with both xz and y. For uniqueness, suppose x1y1 = zsy2 are both
such decompositions of g. Then z5 gy = Y2lq 1'is both a p-element and a

p’-element so must be the identity. Hence 1 = x5 and y; = ys. O

Let M be a CG-module. Recall that there is a class function the ordinary
character

xum i {ccls of G} — C

with xar(g) = Tr(g, M). We have from complex character theory that x pen =
XM+ XM Xmem = XmXym and xpu = xpr = M = M’ as CG-modules.
In the modular case, the best we can hope for is the first two conditions and
X = xm only if M, M’ have the same multiset of composition factors.



The problem is that if M is a sum of p copies of M’, then for all g € G,
Tr(g, M) = pTr(g, M) = 0. Our setup to get round this will be as follows. If
char(k) = p then let m = p®m/, pfn’. Then in k[X], X™ —1 = (X" — 1)?°
so k contains all mth roots of unity if and only if it contains all m/th roots of
unity. X m _1is separable over k and roots form a cyclic group C,,/ generated
by the primitive m/th roots.

Lemma 4.3. Assume k contains all |G|, th roots of unity, where |G|, is the p’
part of |G|. Let g € G, ¢ a representation of G. The eigenvalues of ©(g) and
the eigenvalues of p(y), where y is the p'th part of g, agree.

Proof. There is a change of basis matrix P such that P~1¢(g)P can be written
as an upper triangular matrix with the eigenvalues of ¢(g) on the diagonal,

)\1 * *
*

An

Let x be the p-part of g, ord(z) = p®. Then, by the proof of Lemma x =gt
for some t. So,

Id= P lp@a? )P =P lo(g" )P = (P o(g)P)"".
ThiS iS s
)\ip * *
*
AP

SO /\EPS =1 for all 3. Modulo p, ()\Eps )= (- 1) so

1 *x %
P_1<P($)P: L%

and the eigenvalues are all 1, and the trace is dimg M. Finally, P~1p(g)P =
P~ lp(ay)P = P~ lo(z) PP 1p(y)P and hence the eigenvalues of g,y coincide.
O

Example. If ¢ € G and M is a kG-module then g induces some linear map
on M by XIGl —1 over k. Now, XI¢l —1 = (XI¢l — 1€l and XIGl —1is
separable and is therefore a product of linear factors in k[X]. So g has Jordan
canonical form and every eigenvalue of g is a |G|, th root of 1. So a Jordan

10



block of g with A on the diagonal is conjugate to

A A
A
g1 =
A
| A
1 1 A
1
L 1 A
=Ty

Now, z; is a p-element, since it is of the form Id +(nilpotent) and y; is a p’-
element since A is a |G|,/ root of unity. So if g = zy is a decomposition as in
then the action of the p-element has trace Tr(zas, M) equal to the dimension.
As ) has entries on the diagonal in Jordan canonical form equal to 1 and y,
is diagonalisable,

Tr(g, M) = Tr(y, M) and Tr(z, M) = dimg(M).

Definition 4.4. For G a finite group, k a field containing all |G|, /th roots of
unity, char(k) = p, the roots form a cyclic C|g|,, under multiplication. All
the eigenvalues of elements of G belong to this cyclic group. Fix a lifting, an
isomorphism of cyclic groups

. J |G|, th roots |G|,/ th roots
,(/]{ opflink }—>{ o?lin(C }
If g is a p’-element of G and M is a finite dimensional kG-module then gp; ~
A1

where d = dimg M. The Brauer character of g on M is
Ad

In fact, xas(g) is a cyclotomic integer. It is defined on all p’-conjugacy classes
of G, and is constant on conjugacy classes.

Example. If & = Fy and G = () = C5 and p(x) = {(1) ﬂ gives a 2-

dimensional representation M. The characteristic polynomial of p(z) is £ +t+1
so eigenvalues are primitive 3rd roots. These lift to primitive third roots in C,
i 4

xm(x) = e +e% = —1. Note that Tr(x, M) = 1 which lifts to 1, but
xum(g) =1.

11



Lemma 4.5. Given two modular representations o, with the same Brauer
character X, = Xr, for all g € G, o(g) and 7(g) have the same eigenvalues.

Proof. Let o(g) have eigenvalues ¢, . .., % and let 7 have eigenvalues €1, ... %
for some e. By taking powers we get that the characteristic roots of o(g*), 7(g").
Let ¢ be a primitive |G|,/th root of unity in C and let ¢ = ¢ (¢). Then,

Consider the complex representations

Cial Ciﬁl
o'(g") = ,7(g") =
Ciaa Ciﬁb

of the cyclic group {g'}. By (%), Tr(g,0’) = Tr(g,7’) so the C-characters of
7' and ¢’ are equal so their irreducible constituents are the same by complex
character theory. So {ai,...,a.},{B1,..., 5} are identical as multisets. O

So, recalling Jordan-Hélder, every representation has a fixed number of con-
stituents and they are unique up to equivalence and order of arrangement. As-
sume M has a composition series 0 = My C M; C ... C M; = M. Let B be the
ordered basis B = {el,....el el ... €2 ... el ... e, } with e] through to
el a basis of M; and [ the composition length. Let the matrix representation

with respect to B be given by

w1(g) * * *

PR pi-1(9)

ul.(g)

where the matrix for p;(g) corresponds to the basis for M;/M;_1. We call ;(g)
the top or head, p1(g) the bottom and the other p; the heart.

Definition. A module M is uniserial if it has a unique composition series.
Equivalently, it has a unique minimal submodule My, and M/M; has a unique
minimal submodule, and so on. Equivalently, the submodules are linearly or-
dered by inclusion. (See [Webl6, §6, Ex. 3,6]

Theorem 4.6. If k is an algebraically closed field of characteristic p, then for
Tr(g, M) = Tr(g, M") for all g € G if and only if for all simple kG-modules S,
the multiplicities of S as a composition factor of M, M’ agree modulo p.

Proof. Without loss of generality assume M, M’ are semisimple. If not, we can
replace the submodules with summands to get M, M’ with the same trace and
composition factors.

12



(<) If S, is the ith simple summand,
n
Tr(g, M) =Y ;i Tr(g, Si)
i=1

= BiTx(g,5i)
i=1
= Tr(g, M').

(=) I Tr(g,M) = Tr(g, M’) for all g € G then Tr(z, M) = Tr(xz, M’) for all x
in the group algebra kG. By Wedderburn on kG/J(kG),

é}nl& = k’G/J(k‘G) = Mn1 (Al) X X Mnr(Ar)

i=1

with each n;S; & M,,(A;). But every simple S is isomorphic to kG/m for
some maximal ideal m. By the semisimplicity of M, M’ they are direct
sums of the n;S;. The matrix algebras each contain the matrix

1 0 --- 0
0 0
0 -« -+ 0

Let ; € kG be such that Tr(x;, M) = J;;. Then,

Tr(x;, M) = Zozj Tr(z, S;) = a;
J

and Tr(z;, M') = ;. So a; = f3; in k for all i so o; = 3; mod p.
O

Theorem 4.7 (Brauer). Let M, M’ be finite dimensional kG-modules. Then,
Xm = Xxm if and only if the multiplicities of each kG-module as composition
factors of M, M’ are equal.

Proof. As in the proof of we may assume without loss of generality that
M, M’ are semisimple. We have seen that if the multiplicities of simple kG-
modules as factors of M, M’ are equal then xp; = xar so it suffices to prove
the converse.

Consider a counterexample of minimal dimension, x s = x s such that the
multiplicities of the simple kG-modules as factors of M, M’ do not agree. By
minimality, M, M’ have no composition factor in common. Since xas = X,
and tell us that for all ¢ € G, Tr(g, M) = Tr(g, M'). Hence, by

13



the multiplicities of the simple kG-modules as factors of M, M’ agree modulo
p. Let

m m
M =S, M =H+s:,
i=1 i=1
so v =4 (mod p) and at most one of ; and ~; is nonzero for each i. So for
all i, p | v; and p | 7. Let v; = pd;,~yi = pd;. Then M = pM; and M’ = pM;,

where . .
My =EPaiSi, M =S
i=1 =1

Moreover, dimy M = pdimy M; so dimy M1 < dimg M and xar = pXay, X =
PX ;- So My, M 1 is a counterexample of smaller dimension, a contradiction. [

Example. Let G = S3, having three conjugacy classes: the trivial, the trans-
positions, and the 3-cycles. We label the conjugacy classes by cycle length.
The irreducible CG-modules are the trivial k, sign o, and the 2-dimensional 1
permuting the co-ordinates of

T 1 0
V= To , with basis B=qwvy = [—1|,vo=| 1
I3 0 -1

That is, ¥((123))(v1) = v, ¥((123))(ve) = —(v1 + v2), and ¥((12))(v1) = —vy,
¥((12))(v2) = v1 + v2, so with respect to B we have

sz =[] | anduia2) = ]

The ordinary character table for S5 is given by

1 2 3
11 1 1
o1 -1 1
Y1 0 2

Later, we will show that the irreducible representations of Ss lift to characteristic
0 so Brauer characters form tables that can be recovered by ignoring some of
the rows and columns of the ordinary table.

When p = 3, the conjugacy classes 1,2 are 3'-conjugacy classes and the
irreducible representations are k,7. The Brauer character of ¢ has 1y (1) = 2,
¥y ((12)) = 0 so ¥y = k + . By Brauer’s theorem, the composition factors of
9 are @, k. So modulo 3 the Brauer character table is

1 2
k|1 1
g1 -
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In characteristic 2, we want the 2'-classes and the irreducible representations
are k, vy with the same matrices as in characteristic 0 interpreted as being char-
acteristic 2. So the Brauer character table is

Recall that the abelianisation G of a group G determines the number of
1-dimensional representations of G over C: there are [G : G'] of them. Brauer
gives that there are [G : G'],/ in characteristic p, giving one such in characteristic
2, two in characteristic 3.

5 Character tables

Recall an algebraic integer is a complex number satisfying a nonzero monic
polynomial over Z, and that the set of algebraic integers form a ring. A number
field is a subfield K of finite degree over Q and O is the ring of integers in K,
that is, K N {algebraic integers}. If o € K, then there is a nonzero ¢ € Z such
that ca € Ok. An integral domain R is a Dedekind domain if it is integrally
closed, Noetherian and every nonzero prime ideal is maximal.

Fact. For every number field K, Ok is a Dedekind domain.

Now, for G a finite group, let n = |G| = p®*m with p 1 m, and let char(k) = p.
If k is large enough in the sense that it contains all mth roots of unity, then
these roots of unity form cyclic subgroups C, C' of the multiplicative groups of
k,C respectively. Let K = Q(C).

Lemma 5.1. Gal(K/Q) = (Z/mZ)*.

Proof. Let € be a root of the primitive mth cyclotomic polynomial. The Galois
group consists of the maps € — €' for some i coprime to m, and therefore is
isomorphic to (Z/mZ)*. O

Remark. In general, this group is not cyclic. For example if m = 8 then
Z/mZ = CQ X OQ.

Let Ok be the ring of integers in K, so O = Z[C’] is a Dedekind domain,
so in particular, all prime ideals are maximal.

Lemma 5.2. Choose a prime ideal p of Ok lying over the prime number p,
that is, pNZ = (p). If p" is the smallest p-power such that m | (p" — 1) then:

1. OK/]J = Fp'r.
2.C+px=C.
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Proof. Exercise. O
Remark. Sine m is coprime to p, m | (p?™) — 1) so r | ¢(m).
Example 5.3.
Definition 5.4. The Brauer character table of G modulo p is the table where:
e rows are indexed by simple kG-modules S;
e columns are indexed by conjugacy classes of p’-elements of G;
e entries are the values of the Brauer characters xs(g).

Once a lift ¢ : C — C is fixed, all isomorphisms C — C are obtained by
applying elements of Gal(K/Q) to C. So, the rows of the Brauer character
table are the irreducible Brauer characters xg for S simple, and the columns
are ring homomorphisms X : R(G) — C, where R is the Grothendieck ring (see
. In fact, the irreducible characters form a basis for the class functions from
conjugacy classes of p’-elements to C, so the table is square, see

Proposition 5.5. Applying o € Gal(K/Q) to a column of the Brauer char-
acter table gives another column of the Brauer character table. Applying T €
Stabgaix /) (p) € Gal(K/Q) to a row of the Brauer character table gies another
row of the Brauer character table.

Proof. (Sketch) If ¢ is a primitive mth root of unity in C, K = Q(¢), an element
o € Gal(K/Q) sends ¢ to ¢t with (t,m) = 1. So for each p’-element of G,
X7 (g) = X(g")-

Moreover, o stabilizes p when ¢ is a pth power. Let S be a simple kG-module
wit corresponding representation p : G — GL,, (k). Then S” is a kG-module
with corresponding representation p” : G — GL, (k) — GL,(K) where, if

p(9) = (Nij(9)): p7(9) = (Nij(9)")- O

Hence the Brauer character table is determined by the choice of p up to
permuting roots and coumns. Note that if 7 ¢ Stabgaix/q)(p) applied to a row
need not give a row.

6 Grothendieck groups

Let G be a finite group, k a field as in §5. We define R(G) = Go(kG).

Definition 6.1. R(G) has generators symbols [M], where M is an isomorphism
class of finite dimensional kG-modules, and relations [Ms] = [M;]+[Ms] if there

is a s.e.s. of kG-modules 0 My Moy M; 0.

Remarks. 1. We have to use isomorphism classes of modules rather than
modules themselves in order to obtain a set.
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2. R(G) is a free abelian group with basis [S;], with [S;] simple by Jordan-
Hélder,

3. We can make R(G) into a commutative ring by setting [M][N] = [M®;N].

4. The trivial module k = ko is expressible as a difference [M] — [N]. Note
that if k£ = C, R[] is the ring of virtual characters of CG-modules.

Lemma 6.2. The following hold for Brauer characters.
(i) xn(1) = dimy,(M).

(ii) xn is a class function of p'-classes.

(iii) xm(g™") = xnm(g) = xm+(9)-

(i) If 0O M, M, M; 0 is a s.e.s. of finite dimen-
sional kG-modules then xnr, = Xm, + XM, - I particular, xpr depends only
on the isomorphism class of M. If M has composition factors S; with
multiplicities m; then xar = > mjXs; -

(v) XM@N = XMXN-
Proof. Exercise. O

For all p’-elements g € G, the map X(g) : R(G) — C sending [M] to x(g)
is therefore a well defined ring homomorphism.

Theorem 6.3. The product of these maps

R(G) — H ccls of p’- C

elements of G

[M] ——— (9= xu(9))
18 injective.
Proof. Suppose that [M] — [N] and [M’] — [N’] have the same image, so xnr —

XN = XM’ — XN’ SO X + Xn = X~ + xXm. Then, xpregn' = Xnen' SO
[MON'] = [NoM'], so [M]+[N'] = [M'|+[N] and [M]—[N] = [M']-[N']. O

Theorem 6.4. The map CRR(G) —— [ oo of - C s an algebra iso-

elements of G

morphism.

Corollary 6.5. The simple kG-modules are in bijection with the p’'-conjugacy
classes of G.

We will prove in a few steps.
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Lemma 6.6 (Injectivity). The irreducible Brauer charcaters xs, are linearly
independent over C.

Proof. Let K < C be a field containing |G|,yth roots of unity, O the ring
of integers in K, and p the prime ideal in O containing (p). Let O, be the
localisation of O at p. Then,

mp:{z.:xvyeoaxepvygp}

is the unique maximal ideal of O,, and Op/m, = O/p — k. Also, Op is a PID
so write my, = (m). Suppose there is a C-linear relation amongst irreducible
Brauer characters. Then there is one over K as all values lie in K, and we can
clear denominators to obtain a relation in O. If all coefficients lie in p, then
divide by a suitable power of 7 until they do not, and reduce modulo p to get

a relation between traces
Z (677 TI‘(Ii(Sj) =0

for all z € kG. By the Wedderburn trick there is an « € kG such that Tr(z,;0;) =
035 so a; = 0 for all 4. O

To get surjectivity, for each p’-element g € G we find elements z of C®; R[G]
such that x(g)(z) = 1 and X (h)(x) = 0. Let g be an element of order m coprime
to p, and let H be cyclic generated by g. The irreducible representations of
h over k are of the form g — € for ¢ an mth root of unity. The irreducible

Brauer characters are of the form x;(g) = e“m’ with corresponding kG-module
S;. Define

1 i —2mij
x::azle m - [S;] € C® R[G].
iz

This has Brauer character given by

1 2mij(t—1) 1 gt=g
t
— — m =
gty {0870
Lemma 6.7. If H < G and M is a kH-module, then for g € G,

xarie = Y |Ca(h): Cuh)xar ().
ccls of he H
s.t. h~g in G
Proof. g(g; ®m) = g; ® him where gg; = g;jh, h € H, so the matrix representing
the action of g decomposes into blocks corresponding to the g-orbits of G/H.
The blocks corresponding to g-orbits of length greater than 1 are of the form

0 =x* * %

* 0 % %

o o
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and the eigenvalues are 0. However, the singleton {g;} is in the orbit of G/H
with corresponding block representing the action of g;l g9; € H on M. Then,

xarre(9) = Y xulg; 99i).
95 '99:€M

For h € H, counting the number of pairs (g;,g;) with g]lggi = h gives the
result. O

Now, if H < G define Ind$, : R(H) — R(G), defined on the basis by
[M] — [EG®M] and extending the scalars to get a map CQZ R[H] — C®zR(G).
Given a p-element g € G, let H < {g) and take z € C ®7 R(H) such that

Then for ¢’ € G,

=100 =" D> ICa(h): Cu(h)lxa(h).
ccls of he H
s.t. h~g' €G
This is
ICa(g) : {g)| ifg ~cg
0 if ¢ #c g

Corollary 6.8 (of . Every ring homomorphism R(G) — C is of the form
X(g) for g a p'-element of G.

To prove this we need:

6.9. For R a commutative ring with 1, D an integral domain, every set of
distinct ring homomorphisms R — D is linearly independent.

Proof. Take a linearization of minimal size,
n
Z/\iSDi =0, where ¢; : R— D,\; € D.
i=1

Choose g € R such that ¢1(rg) # ¢n(ro), so for all r € R,
Z Aipi(ror) = Z Aigi(ro)pi(r) =0 (1)
=1 i=1

and

Z Aipn(ro)pi(r) = 0. (2)
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Subtracting (2) from (1) gives that, for all r € R,

n

0= Z)\i(%‘(?”o) — n(r0))pi(r).

i=1

Since D is a domain, A1(p1(r9) —An(r0)) # 0, so this contradicts the minimality.
O

Proof of 6.8. Let ¢ : R(G) — C and extend linearly to an algebra homomor-
phism ¢ : C ®z R(G) — C. Do the same for the X(g)s. Then and give
that X(g;) form a basis of C-linear maps C ® R(G) — C. If ¢ is not X(g;) for
all 4, then by ©, X(g:) are linearly independent, a contradiction. O

7 Decomposition matrices and p-modular sys-
tems

Definition 7.1. We denote by O a discrete valuation ring, that is, a PID with
a unique nonzero maximal ideal, where the unique maximal ideal p = (7). A
p-modular system is a triple (K, O, k) where O is a discrete valuation ring, K
the characteristic zero field of fractions of O and k the residue field O/p of
characteristic p. Such a p-modular system is splitting for G if for all subgroups
H of G,

1. KH =[] M,,K for some a;;
2. kH/J(kH) =[] M., (k) for some k.

That is, the fields K, k are splitting fields for the semisimple algebras K H and

Note that every finitely generated torsion free O-module is free.

Example. If K is an algebraic number field, O the ring of integers of K so
that K is the field of fractions of O which is integral over Z. There is s p prime
in O lying over (p) and the localisation O, at p is a discrete valuation ring so
(K, O0,,0/p) is a p-modular system.

Remark. If K contains |G|th roots of 1, (K,O,O/p) is a splitting p-modular
system for G.

Given a p-modular system, (K, O, k) V an ordinary finite dimensional KG-
module with a K-basis v1,...,vq, let W =spanp{gv; | 1 <i < d,g € G}. This
is finitely generated and torsion free as an O-module and it is therefore free and
a subset of V.

Let wy,...,w, be a free O-basis. Then the {w;} span V, and if there is a
linear relation between them over K, then since the field of fractions of O is K
we can clear denominators to obtain a relation in . But since the basis is free
no such relation exists, so {wy,...,w,} is a K-basis fro V and n = d. Changing
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the basis v; — w; ensures that all entries in matrix representations of G are in
O, and we may write
V=Ko W

W is called an O-form for V' (and is not unique).

Theorem 7.2. If (K, O, k) is a splitting p-modular system and W, W' are O-
forms of V' then the kG-modules k @0 W =W = W/pW and k @ W' have the
same Brauer character (and therefore the same composition factors by Brauer).

Proof. The Brauer character of W is the values of the p’-elements of the ordinary
character of V: suppose the ordinary character is ¢y and g is a p’ element

with eigenvalues Ay,---, A, on W then g acts on W with eigenvalues \; + (7).
The Brauer character is by definition the sum of the lifts of these, and so is
AL+ A O

Definition 7.3. If V,...,V; are irreducible KG-modules and Wy,... W, are
corresponding O-forms, with Sj,...S,, the irreducible kG-modules then the
decomposition matrixz D has:

e rows indexed by {V;};
e columns indexed by Sj;

e entries d;; given by
dij = [k ®0 W; : Sj]

the multiplicity with which S; appears as a composition factor of k ®o
W, = W, /pW;, the decomposition number

Examples 7.4. (a) If G = A5 then the ordinary character table is

1 2 3 5 5
I 1 1 1 1
31 -1 0 ¢ 1-¢
33 -1 0 1-¢ ¢
4 0 1 -1 -1
5 1 -1 0 0

1+v5
2

If char(k) = 2 then the Brauer character table B is

where ¢ = . View this as a matrix, X.

1 3 5 5
1 1 1 1
21 -1 ¢—-1 —¢
2% -1 —¢ o¢—1
4 1 -1 -1
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8

and the decomposition matrix D is given by

>

I
— O~ =
_0 O = O
—_— o = OO
O = O OO

where the rows are indexed by 1, 31, 32,4, 5 and the columns by 1,21, 29, 4.

The matrix DB is the 5 x 4 matrix, which is X with the second column
deleted. The ith row of D is the modular composition factors of M =
M/pM, M an irreducible kG-module.

If G = S5 in characteristics 2,3, then

1
D@y =1
0

_ o O

1
,D(3) = O
1

=)

where the columns are indexed by the trivial and 1) and the trivial and &
respectively.

If G is a p-group and char(k) = p then D has a single column and the entry
for each ordinary irreducible is the degree of the ordinary irreducible, so
G has a unique irreducible module modulo p.

(See [Webl16|, 9.4.11]) If (K, O, k) is a splitting system for G and (|G|, p) =
1 then each simple K G-module reduces to a simple kG-module of the same
dimension, and D = Id.

(Fong, Swan, Rukolaine) Take a splitting system (K, O, k), p-modular for
G p-solvable. Every irreducible kG-module is reduction mod (7) of OG-
lattice. In particular, D contains Id as a submatrix of maximal possible
size.

Projective modules

Let R be a ring with 1 and let M be an R-module.

Definition 8.1. An R-module P is projective if for all surjective R-module
homomorphisms M’ — M and R-module homomorphisms P — M there is a
homomorphism P — M’ such that the following diagram commutes.
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I is said to be injective if for all injective homomorphisms M — M’ and homo-
morphisms M — T there is a homomorphism M’ — I such that the following
diagram commutes.

1

P
-
-
-
-
-
-

M +—M+——0
Lemma 8.2. The following are equivalent.
(i) P is projective;

(i) Every surjective homomorphism M AP —50 splits, that is, there
1s an € : P — M such that Ao e =1Idp;

(iii) P is isomorphic to a direct summand of a free module;

(iv) For all short exact sequences of R-modules 0 - U — V. — W — 0 the
sequence 0 — Hompg(P,U) — Hompg(P,V) — Homg(P,W) — 0 is ezact
on the right.

Lemma 8.3. If k is a field and G a group, then every kG-module embeds into
a free module.

Proof. Define ¢ : M — kG ®; M by

d(m)=> gog'm

geG

so the target space is the restriction of M to the trivial followed by induction
up to G, and the action of G is given by ¢'(g ® m) = g¢’ ® m. There is a vector
space splitting ¢ : kG @, M — M with (g ® m) = m if g is trivial and 0
otherwise. This shows that ¢ is injective. For h € G,m € M,

¢(hm) => g g (hm) =Y hg'@(¢) 'm=hY_ g @(g)'m=he(m)

geG g'eCG g'eG

where ¢’ = h™'g. So ¢ is a kG-homomorphism. Since k is a field, M 1y is
free (it’s a vector space) as a k-module and M = @ k. So kG ®; M is a free
kG-module. O

Lemma 8.4. If M is a kG-module, the following are equivalent:

(i) M is projective;

(i) M is injective;

(iti) (Higman) There is a k-linear A : M — M with 3 ¢ gAg~t =1dyy.
Proof. .
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(ii) = (i):

(iii) = (ii):

(i) = (iii):

If M is injective there is an « such that the following diagram commutes:

0*>Mi>kG®kM

-

-
Id e
/// @

g

M

So, we may realise M as a direct summand of the free module kG ®; M,
so M is projective.

Fix a k-linear map ~ not necessarily a kG-homomorphism with 76 = «
below.

OHMlLMQ

.
a e
T

A M

Define v/ =37 ¢ g(A\y)g~?!. This is a kG homomorphism:
hy'(m) = hg(\y)g~'m =Y g’ (A)(g") " hm =+ (hm)
geG g'eG
where we set g’ = hg. Moreover, since «, 8 are kG-homomorphisms,
YB=Y_gMg ' B=> 9B =Y gAa)gt =D grgHa
geG geG geG geG

This is Id,,, o« = a. So 7' makes the diagram above commute, so M is
injective.

If M = kG set A(3_ ag9) = aqlg so that

STARTI agg) =D A aghTlg) = > hanlg =Y agg.

heG geG heG geG heG geG

S0 Y hea hAh~! = Idy; for M = kG. We may apply this construction
to any free kG-module M by applying A to each factor. If M is not
free, it is a summand of a free module by projectivity, FF = ®kG so let
Ay = TApL, where 7,1 are projection and inclusion respectively. Then
M +—— F Dxr and we have

Z GAmg = Z g(mApt)g™t = Z TgArg e =mIdp e =1dy, .

geG geqG geqG
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9 Idempotents

Theorem 9.1. (Krull-Schmidt) Let R be a finite-dimensional k-algebra, M a
finitely generated R-module, and suppose that M = @;_, M; = @le M are
two independent decompositions of M into indecomposables. Then s = t and
after reordering M! = M,.

Note we can apply this in the cases of finitely generated OG-modules, finitely
generated kG-modules, R modules of finite length, but not when R is not ar-
tinian, e.g. ZG-modules.

Corollary 9.2. Under the conditions of Krull-Schmidt,

1. If M is indecomposable summand of My ®- - -® M, with M; indecomposable,
then M = M; for some i.

2. Ewvery finitely generated projective indecomposable R-module is isomorphic
to a summand of RR.

This is clear: any projective P is a summand of R&® --- & R so apply (i).
Write gRR= P, & --- & Ps, for P; projective indecomposables.

Fact. R = End(grR)? (c.f. proof of Artin-Wedderburn) so the endomorphism

project nj
mn:g R—— P, —— RrR

is right multiplication by some ¢; € R so P, = Re; and 1 = e + - - - + e, where
the e; are idempotents.

Definition 9.3. Let R be a ring with 1. An idempotent is an e € R such that

e? = e. Note if e is idempotent, then so is 1 — e, and e(1 — e¢) = 0. Idempotents

e, e’ are called orthogonal if e/ = e’e = 0, e is primitive if it cannot be written
as e = ¢ + €” for €, ¢” nonzero orthogonal idempotents.

There is a 1-1 correspondence
{Direct sum decompositions kR = P, & - -- @ Ps, P; projective}

I

{1=e1+ -+ es with e; primitive idempotents}

Recall Artin-Wedderburn: R/J(R) = HE=1 Mg, (A;) for R a finite dimen-
sional k-algebra. If T; = My, (4;), 1,T; = P(columns of length d;) = P S;.
(see sheet 1 question 8) with the .S; simple and isomorphic as isotypical com-
ponents. Let (e;;) be the d; x d; matrix with the (j,7)th entry 1 and all other
entries 0. For the matrix ring T;,

lg, = €1 + -+ €iq,
and
lr/s(ry = €11+ +ewq, +ea+ - +eaq, + -+ e+ e,
Let R* be the group of invertible elements in R.
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position. Then every projective is of the form Re; =

Example. R=M,(k),l=e1+ - +en, ¢, = 1 ] with the 1 in the ith
*
*
. and Re; = Re;
*

even if 1 #£ j.

This motivates the following: define an equivalence relation on idempotents
in R by conjugacy: e ~ ¢ <= 3Jr € R* such that re = ¢’r. Note e ~ ¢/ <—
(I—e)~(1=¢).

Lemma 9.4. Let e, e’ be idempotents in R. Then e ~ €' if and only if Re = Re’
and R(1 —e) 2 R(1 —¢).

Proof. (= )e~¢e = er =re for some r € R* so Rer = Rre’ = Re'r
implies Re = Re’/, (multiplication on the right by r). Similarly, R(1 — e)r =
Rr(l—¢)=R(1—¢).

(<=) Let

Re =9 Rer and R(1—¢) =20, R(1—¢)

There is an isomorphism

Hompg(Re, M) —— eM

A— Ae)

Since A(e) = A(ee) = eX(e) € eM. Using this, define py € eRe’ + 0, us €

€Re+ 07 pzse(1—e)R(1—¢€) <« ¢and ug € (1 —€¢)R(1 —e€) <> ¢ 1.
Then pyps = e, uopy = €, usps = (1 —e),uqps = (1 —¢'). Also, r =

p1 +pz € R since (p1 +pz)(p2 +pa) = e+0+0+ (1 —e) = (p2 + pra) (p1 + p13)-
So, rler =¢' so e ~e.

O

So, to find projective indecomposables in rpR it suffices to find them in
R/J(R) using Wedderburn and lift to R. R a f.d. algegbra =— N = J(R) is a
nilpotent ideal (using Nakayama’s lemma).

Theorem 9.5 (Idempotent Refinement). Let R be a ring with 1, N a nilpotent
ideal of R and e, e’ idempotents in R/N. Then:

(i) There is an idempotent f € R such that f = f + N = e, with f primitive
if and only if e is primitive;

(ii) f~ f' implies that f + N ~ f' + N.
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Proof. O

Corollary 9.6. Let N be a nilpotent ideal in a ring R and 1 = e1 + --- + e
a sum of orthogonal idempotents in R/N. Then there is a decomposition 1 =
fi+ -+ fs in R into orthogonal idempotents such that f; + N = e;. If the e;
are primitive, so are the f;.

Proof. O

Corollary 9.7. Let f be idempotent in R, I a nilpotent ideal. The f is primitive
if and only if f + I is primitive in R/I.

Proof. (=) by Theorem 9.5 (i).
(<= )If f=f1+ faand f1f2 € I for f1, fo idempotent then f1, fo & I so
(fi+D(fe+1I)=0and (f1 + fo) + I = f + I gives the result. O

10 Projective indecomposable modules

Throughout, let R be a finite dimensional k-algebra and k a field. For M an
R-module,

J(M) = N(maximal submodules)
= (smallest submodule with semisimple quotient)
=J(R)M

and

soc(M) = Z(simple summands of M)
= (largest simple submodule)

={me M : J(R)m = 0}.

By Wedderburn, R/J(R) = [[;_; Ma,(A;) for A, finite dimensional k-
division algebras. 1y " has primitive orthogonal decomposition into idempo-
tents €;1 + - - - +€;4, corresponding to the simple modules S; (given by columuns).
So,

lr/yry =€11+ " +€1q + + €1+ + €,

with €;; € Mg, (A;) having (j,j)th entry 1, and all other entries 0. Lifting to R
we get a primitive orthogonal idempotent decomposition

lp=en+-+ewq + -+eat+ - +e,

where €;; ~ €y <= e ~ e = i=k.
Hence we get a decomposition into projective indecomposable modules

RR:RQII@"’@Reldl@"'@Resl@"'@des

with Re;; = Reyy <= k =1.
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Moreover, for each i, j,
Reij/J(Reij) = Reij/J(R)eij = (R/J(R))ew = (R/J(R))é” =5

where S; is a simple R-module. Write Pg, = P; for the module isomorphic to
Re;; for some j (it does not matter which j we choose). Then P; is a projective
indecomposable and P;/J(P;) = S;.

So, there are s isomorphism classes of projective indecomposable R-modules
P; for 1 < i < s and each has a unique maximal submodule J(R)P;. We call P;
the projective cover of S;.

Example 10.1. (i) If k is a field of characteristic p and G is a p-group,
R = kG then the unique simple R-module is k. J(R) is the augmentation
ideal, R/J(R) = k and the unique projective indecomposable is grR of
length |G| with all factors trivial.

(ii) G =83 ={1,0,0% 1,07,0°7},k = F3, R = kG. There are two simple left
kG-modules:

e The trivial k£ with annihilator the augmentation ideal;

o sign, with annihilator {d A\gg : A +As+Ao2 = A+ Aor + A2, = 0}.

J(R) is the intersection of the annihilators, which is the annihilator of
sign, which has k-basis {1 — 0,1 — 02,7 — 07,7 — 0?7} So,

R/J(R) = M, (k) ® M(k)

where M;(k) = (—(1+7)+J). Now, ey = —(1+7) and e = —(1 —7) are
primitive idempotents in R so the projective indecomposable modules are
given by

e Corresponding to e,
Pr=RI+7)={> Xg: M =X Ao = dor, Aoz = Ag2r }

={1+71,0+07,0%+0%7)

= projective cover ot the trivial.
e Corresponding to eq,
P, = R(1 — 1) = projective cover of sign.
A composition series for P is:

PLDJP=(1+4+7—-0—o0r,1+7—0%—0%7)
DTy ={1+0c+c*+7+0r+0%7)
20
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with P, /JP; and Ty both trivial R-modules. The action of R on JP; /Ty
is determined by:

T (l+7—0c—0or+T)=7+1—70 —T07+T)
=l4+7-0’1—0*+T
=—(+7—0—07)—(1+o+o*+7+0or+0°7)+Th
=—(1+7—-0c—-01)+Ty

so J Py /T is the sign R-module so not all factors are trivial. Similarly for
P,
P2 JP, 215 20.

(iii) Z has no projective cover for any G.

Let R be a finite dimensional k-algebra for k a field and let M be a finitely
generated R-module. Then M/J(M) is semisimple, = @]1\7 S; for S; simple
R-modules. For each j, let Ps, = P; be the projective cover. Consider the
diagram:

N
@1 Pj

M MM 2@ S —— 0

Since @f[ P; is projective there is a hom 7 : EBiV P; — M such that this
commutes. We claim that 7 is surjective. Let N’ be the image of m. Then
N'+J(M)=Mso JRYM/N' = (J(R)YM+N')/N' = (J(M)+N')/N' = M/N’
so by Nakayama’s lemma N’ = M.

We call EBJIV P; the projective cover of M. There is a short exact sequence

0 QM M M/J(M) — 0

where QM = Ker(r) is called the Heller translate of first syzygy.

Aside on Duality

Let M be a left R-module. M* = Homg (M, K) is a right R-module with
action (f - r)(m) = f(rm) for f € M*,r € R,m € M. Similarly if M is a
right R-module, M* is a left R-module and if M is finite dimensional then M =
M*. Since Hompg (—, K) is an exact contravariant functor from the category
of left R-modules to the category of right R-modules and vice versa there is a
correspondence

{M f.g. projective left module} +» {M~* f.g. injective right module}.

In the case R = kG, G finite, M left — M right, mg = g~ 'm.
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As a consequence of the above, if I is injective decomposable, it has a unique
minimal (simple) submodule soc(I) and every simple R-module S; has an in-
jective decomposable R-module Is; = I; which has S; as its unique simple
submodule, soc(I;) = S;.

Definition. Is; is called the injective hull of S;.

Now let M be a finitely generated R-module. Then we have the following
diagram:

(\\\
T ¢ T~

0 —— soc(M)=S; — S5 M

where ¢ exists by injectivity of @ I;. Note that ¢[sc(ar) is injective. Let
N = Ker(¢) < M If N # 0, soc(N) = soc(NNM) = Nnsoc(M) #0, a
contradiction. Therefore ¢ is injective. Accordingly, we call @ I; the injective
hull of M. We have an isomorphism soc(M) = soc (@ I;) and a short exact
sequence

0 — M — PI; OM 0

where UM = coker(¢). Note that 2, U are not inverse to one another.

Theorem 10.2. Let G be a finite group, K a field and P a projective indecom-
posable KG-module. Then P/J(P) = soc(P).

Proof. We know P = KGf for f a primitive idempotent. Let y € soc(P)\{0},
y = > ,0g9. Forany b =3 Agg, ¢ = > pgg the coefficient of 1 in be is
D g Aghg—1 = >, -1 Ag-1pig which is the coeflicient of 1 in ¢b. y # 0 so there
is some h € G so that ay, # 0. So, 2 = h~!y has a nonzero coefficient of the
identity. z € KGf so zf = z so zf has a nonzero coefficient of 1, so fz has a
nonzero coefficient of 1 so fz # 0. Therefore, fsoc(P) # 0.

As seen in Lemma 9.4,

Hompg (P, soc(P)) = Homgo(KGf,soc(P)) = fsoc(P) # 0

so there is a non-zero homomorphism ¢ : P — soc(P). P is injective (since
it is projective) and indecomposable so soc(P) is simple. Therefore, Ker(¢) is
a maximal submodule, so Ker(¢) = J(P). The theorem then follows from the
first isomorphism theorem. O

Remark. This holds for “symmetric algebras” of which group algebras are an
example.

Lemma 10.3. Let R be a finite-dimensional K -algebra where K is a splitting
field for R, that is, R/J(R) = [[ Mqy,(K). Let M be a finitely generated R-
module. For S simple, dimg (Homp(Ps, M)) = [M : S].
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Proof. By induction on the composition length of M. If M = S’ then since K
is a splitting field,

1 S=y

dimg Hompg(Ps, S") = dimx Hompg(S, S") = { 0 otherwise

by Schur’s lemma. If M is not irreducible choose a maximal M’ C M, so there
is a short exact sequence

0 M’ M M 0.

As Pg is projective, Homp(Pg, —) is exact so

0 —— HOmR(Ps,M)/ E— HOHlR(Ps,M) E— HOmR(Ps,MH) — 0.

is exact. Dimensions add, as do the number of factors isomorphic to S. M', M /M’
have composition length strictly shorter than M so we are done by induc-
tion. O

11 Cartan invariants

Throughout, let G be a finite group, k a field of characteristic p, and let the
irreducible kG-modules be denoted S; with their projective covers P;.

Definition 11.1. Let ¢;; = [P; : S;]. The matrix C = (¢;;) is the Cartan
matriz and the c;; are called the Cartan invariants.

Theorem 11.2. (i) If k is a splitting field for G, ¢j; = c;j.

(i) If (K, O, k) is a splitting p-modular system for G then
Cij = Z diidyj
1

so C =DTD.
(#3)* det(C) is a power of p, and in particular is nonzero.

In order to prove this, we need some preparation on idempotent lifting.
Let O be a complete DVR, with unique maximal ideal p, and O/p = k. So,

OG/p*0OG =lm OG/p"OG. ()

Since the canonical surjection OG/p?OG — OG/pOG has kernel pOG/p2OG =
kOG, which squares to zero, a primitive orthogonal decomposition

l=¢ + - +8 € KG =Im(OG/p?0G — OG/pOG) (3)
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lifts to
L =e + -+ eas € OG/p*OG. (4)
Similarly, via the canonical surjection OG/p30OG — OG/p?>OG we get a lift
1=-e3 4+ -+ e3s. (5)
in OG/p30G of (4).

Continuing, we get a primitive orthogonal decomposition up to level n: in
OG/p™G we have
1:6n1+"'+6ns

such that e,; + prl = e(n—1); for all n,j. By (%) this terminates: there is an
e; € OG such that e; + p" = e,,; for all n.

Now, €3 defines the same inverse system of elements as e; does, so €3 = ¢;.

Similarly, we can show
]_ =e + -4 €s

is a primitive orthogonal decomposition of 1 in OG. We have proved the fol-
lowing.

Theorem 11.3. If 1 = &1 + --- + €5 is a decomposition of 1 into primitive
orthogonal idempotents in kG then we can lift to a decomposition 1 = ey +- - -+e;
in OG. Moreover, conjugation is preserved.

Consequently, the decomposition of kG into projective indecomposables
k'G:PSl@"'@Psl@"'@PSn@"'@PSH
— —
d1 dn

lifts to a decomposition of OG,

n

OG=Ps, & - ®Ps, & - &Ps, & Pg
- —_——
dl d’Vl

Proof off 11.2(ii). Given (K,Q,k) a splitting p-modular system for G, with
simple K G-modules {V;}, O-forms {W;}, V; = K ® o W;. Calculating and using

103,

[K ©0 Ps,] = dimg Homgg(K @0 Ps,, V).
By the definition of W; this is

dimg Homgg(K ®o Ps,;, K @0 W;).
This is a statement in characteristic zero. We now claim
(a)
dimy Hompg(K ®o Ps;, K ®o W;) = dimg (K ® Homog(Ps,, Wi))
= ranko(Homog(ﬁsj W)
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(b)
rank@(Homog(ﬁsj , Wz)) = dimy Homkg(st R k®W¢) = [k@oWi : Sj] = dij
(a) holds because O is a PID, so ﬁsj Wi, Homog(ﬁsj , W) are O-free. Given a
K G-homomorphism K ®o ﬁsj — K ®p W;, some nonzero multiple sends ﬁsj

into W; by finite generation and clearing denominators, using O-freeness. So,
the map

K® Homoc(ﬁsti) — Homga(K ®o Ps;, K ®0 W)

sending A ® ¢ to Ay is an isomorphism. The second equality follows since ﬁsj
is projective.
(b) holds since k£ ® — induces a map

Homog(ﬁsj , Wz)) — HOHlkG(PSj, k® Wz)

which is surjective with kernel p Homog(ﬁsj, W5).
Hence,

cij = dimg Homyg(Ps,, Ps;) = rankp Homog (ﬁs , ﬁsj)
= dimg Homgg (K ® ﬁS“ K® ﬁsj)

= dyd;.
l

O

Remarks. 1. If R is a finite dimensional k-algebra, k a splitting field, and
P a projective indecomposable, then if & C k', k¥’ ® P is a projective
indecomposable k' ® R-module.

2. The decomposition matrix can be read in two ways:

e rows are modular composition factors of modular reductions of ordi-
nary irreducibles.

e columns are ordinary composition factors of lifts of modular projec-
tive indecomposables.

Also, DT D = C is the modular composition factors of modular projective
indecomposables.

3. Decomposition number d;; are independent of the choice of O-form W; of
Vi.
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Example. If G = A5 and p = 2, the rows of D are indexed by X1, X3a, X3b> X4, X5
and the columns by 1,21, 25,4,

o

Il
— O~ =
_ o O = O
0 = O O
O = O OO

Our new information says that K ®¢ ﬁK =183,D3, 5.

12 Blocks

Throughout, let G be a finite group, R a commutative ring with 1. The centre
of the group ring RG, Z(RG) is the free R-module with basis conjugacy class
sums in G. That is, )" azg9 € Z(RG) if and only if g ~ ¢’ implies that oy = ayr.
So, there is a ring homomorphism Z(OG) — Z(kG) induced by the canonical
surjection O — k. A central idempotent in R is an idempotent in Z(R). A
centrally primitive idempotent is an idempotent in Z(R) which is primitive in
Z(R).

Definition 12.1. A block of R is an indecomposable two-sided ideal direct
factor of R (when R is a direct product).

Krull-Schmidt implies that if R is a finite dimensional algebra then
R = B; x --+ x B,. This decomposition corresponds to

l=e+---+e;

with the e; orthogonal centrally primitive idempotents. Note B; = ¢; R, e; €
Z(R) since for all r € R,

eir =e;(rer + - +reg) =ere; = (e1r + -+ esr)e; = ey,

since e;re; € B;B; and is therefore the identity since the product is direct.
Also, if 1 = e} +- - -4} with the e; orthogonal centrally primitive idempotents
then
ei =e;l=eie] + - +eie}

with each e;e) centrally primitive in Z(R):

eie, j=1
(ei€))(eie)) = eicfese] = elele) = { ’03 J]# B
!

e, s0 s =t and

Since e; is primitive there is a unique j such that e; = eie; = e,

e; = el.
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Definition 12.2. If M is an R-module then M = eiM & --- ® e,M as R-
submodules of M. If M is indecomposable, there is a unique ¢ such that M =
e;M and e;M = 0 for all j # i. Say M lies in or belongs to B; or e; and write
M e e; or M e Bz

In particular, simple modules lie in a block.
Notice that Hompg(e;M,e; M) = 0if i # j: if f:e;M — e;M then

f(m) = f(eim) = e; f(e;m) = eje; f(m) = 0.

So M is in e; if and only if each of its direct summands belongs to e;. An
indecomposable R-module lies in a unique block, that is, the block e; such that
eiM 7é 0.

Lemma 12.3. Lete be a block of R. If 0 U v w 0
is a s.e.s. of R-modules then V € e if and only if UW € e. In other words,
submodules and quotients of V' belong to e.

Proof. A module belongs to e if and only if muliplication by e acts as an iso-
morphism, which holds for V' if and only if it holds for both U and W. O

Examples. 1. If R is a finite dimensional semisimple k-algebra then the
blocks are matrix summands of R, each block idempotent is the identity
of some matrix summand. If R = CG then the defining idempotents are
determined by the ordinary characters.

2. If G is a p-group, char(k) = p then the regular representation is inde-
composable as a module and therefore as a ring. So, the only possible
idempotent is the identity, and there is a unique block.

Let R=kG andrefinel =e;+---+es;in Z(R) to 1 = é1+---+é, in Z(OG).
Our indecomposable OG-modules also lie in blocks. If V' is an irreducible K G-
module, choose an O-form W of V. Then there is a i such that é,W = 0 and
é;V =0 for all j #i.

Remark. We can think of a block as a bucket into which we put “stuff”:
e indecomposable kG-modules;
e indecomposable OG-modules;
e simple K G-modules.

Let V; be a simple ordinary irreducible and suppose S; is a simple modular
irreducible. If V; lies in a different block to S;, then d;; = 0. The block to which
the trivial module belongs is called the principal block. We will now develop a
criterion for a simple module to be in a particular block.

Lemma 12.4. If R is a commutative finite dimensional k-algebra then R is a
product of local rings.
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Proof. Wedderburn implies that R/J(R) = [[ M4, (A;). Since R is com-
mutative, the A; = k; are finite extensions of k. We have a decomposition
l=%e¢ +- - -+e in r/J(R). J(R) is nilpotent so we can use idempotent re-
finement to lift to 1g = e; +---+e5, 80 R = Ry X --- X R; where R; = ¢;R.
So,

where k; is a field. Therefore, J(R) is maximal and is therefore the unique
maximal ideal by definition of J(R), so R; is local. O

If R is a finite dimensional k-algebra and k is a splitting field then there are
k-algebra homomorphisms A : R — k given by projection onto the factors.

Definition 12.5. If R is a finite dimensional k-algebra, a central character or
central homomorphism of R is a ring homomorphism Z(R) — k.

Example. If R is a finite dimensional k-algebra and S is a simple R-module
with Endg(S) = k, then if k is a splitting field each z € Z(R) acts on S by
As(z) giving a central homomorphism of R.

Proposition 12.6. Let R be a finite dimensional k-algebra with a block decom-
position 1 = e +--- + es.

(i) Z(R) = e1Z(R) X -+ x esZ(R) is a block decomposition of Z(R). FEach
e;Z(R) is a local ring and for each simple R-module S there is an inclusion

6zZ(R)/J(6ZZ(R)) — EndR(S)

(ii) If R is finite dimensional over a splitting field k, k is a splitting field for
Z(R) and e;Z(R)/J(e;Z(R)) = k. There is a 1-1 correspondence between
central homomorphisms w; and blocks B; such that w;(ej) = 6;5.

Proof. (i) A decomposition of 1 as a sum of orthogonal centrally primitive
idempotents in R, Z(R) are the same thing, so there is a block decompo-
sition Z(R) = e1 Z(R) x ---x esZ(R). Also, e;Z(R) = Endyg)(e;Z(R)) is
a local ring because, for any ring A and idempotent e, eAe = Endy (eA). If
S is a simple R-module in the ith block then e; Z(R) acts nontrivially on S
as endomorphisms as e; acts by Id on the relevant block. So there is a non-
trivial map e; Z(R) — Endg(S). Since e; Z(R) is local and Endg(S) is a di-
vision ring, there is an induced injection e;Z(R)/J(e;Z(R)) — Endg(95).

(ii) If k is a splitting field then there are maps
k— e;Z(R)/J(e;Z(R)) — Endg(S) — k

which compose to give Id. In other words, Z(R)/J(Z(R)) is a direct
product of s copies of k and the central homomorphisms w; are the s

projection operators.
O
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Example 12.7. Let K be a splitting field for KG, char(K) = 0. We will
construct a central homomorphism of KG with respect to a simple K G-module,
V. Let {C; | i € I} be the set of conjugacy classes of G.

Let C; = >_ cc, 9- We can calculate Tr(C;, V) in two different ways:

e If C; acts via the scalar A € K, Tr(CAi7 V) = Adimg V.
o xv(g) = xv(h) if g ~ b so Tr(C,, V) s [Cilxv(9) = |G : Calg)xv(g) for
any g € C;.

So,
\ = |G : Ca(g)lxv(9)
dimK(V)

and there is a central homomorphism Ay : Z(KG) — K defined by
v

(
6y = |G Calg)lxv(g)

Theorem 12.8. The A\y/(C;) are algebraic integers.

Proof. Z(Z@G) has Z-basis consisting of @, SO suppose
6 =Y o
1

with a;j; € Z. Since Ay is a central homomorphism, it is a homomorphism of
rings and

/\ CA /\V CA Za”l/\v Cl

So, Im(Ay) is a subring of K, a finitely generated abelian group. Since « :=
Av (C;) is in the image there is a chain of subgroups

(1) < (1,a) < (1,0,0?) < ...

which eventually terminates, so a”™ € (1,q,...,a""!) for some n € N, so so «
is an algebraic integer. O

Recall that for (K, O, k) a p-modular system, all algebraic integers in K lie
in O so there is a ring homomorphism Ay : Z(OG) — 0. Reducing mod p,
we get Ay : Z(kG) — k. Note if a; € p, then Zazx\v( ;) is in p so Ay is
well-defined.

If V € ewith e € Z(kG), é € Z(OG), é acts as the identity on V so
Av(€) =1, 50 Ay(e) = 1. If W is an O-form then every composition factor of
k®@p W =W, so for example S satisfies Ag = Ay, where S is S lifted to O.

Theorem 12.9. Let V, V' be irreducible KG-modules. V,V' are in the same
block if and only if Ay = A\y+ (mod p). That is, for each g € G,

|G : Ca(g)Ixv(9)/ dimy V = |G : Ca(g)|xv(g)/ dimy, V.
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Example. G = Aj has 5 conjugacy classes. Let the representatives be o7 = Id,
o2 = (12)(34), o3 = (123), 04 = (12345), and o5 = (12354). The corre-
sponding class sizes are 1,15,20,12, and 12. Let Vi,... V5 be representations of
non-isomorphic KG-modules. Then, the table with (7, j)th entry

—— | _ |G : Co(o)xvi(0y)

v, (Ca(oy)) Qi 1,
1S

dlmk(‘/;) g1 g2 g3 04 05
Vi 1 1 15 20 12 12
Vy 3 1 -5 0 21+ 201-+5)
Vs 3 1 -5 0 20-+6) 201+5)
Vy 4 1 0 5 -3 -3
Vs 5 1 3 -4 0 0

The classification into blocks, for p = 2 is V4,V — 2, V3, V5; V. For p = 3,
Vlv‘/llv%;vé;vl’n and for b= 57 Vl)‘/27‘/3av4;‘/5-

Remarks. 1. Ay is independent of choice of p (see [Isa06, 15.8]).

2. V, V' reduced mod p have common composition factors if and only if they
are in the same block.

13 Defect groups

Let C be a conjugacy class in G.

Definition 13.1. A defect group of C is a Sylow p-subgroup of C(g) for some
g € C. This defines a conjugacy class of p-subgroups associated with C. If P is
a p-subgroup of G, C is P-defective if P contains sonce element of C.

Lemma 13.2. Suppose CAZCAJ => aileAl € Z(ZG). Fizx a triple (i,7,1). Then,
if p1 aiji and C; is P-defective then so are C;,C;.

Proof. Choose z € C; and suppose z commutes with P. Let
Q={(z,y) €Ci xCj | xzy = z}.

Recall Q] = a;j. Since p t a5, and a;;; is the sum of the cardinalities of
the P-orbits of €2 which are either 1 or divisible by p, there is a fixed point
(z,y) € C; x Cj. That is, grg~! = z and gyg~' = y. Hence both C; and C; are
P-defective. O

If P is a p-subgroup of G, let Z(OG)p be the set of all sums > a;C; where
a; € O and if a defect group of the ith class is not conjugate to a subgroup of
P, then a; € p. Note that if P <g P’ (that is, P is G-conjugate to a subgroup
of P’) then Z(OG)p C Z(OG)p-.
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Lemma 13.3. Z(OG)p is an ideal of Z(OG).
In order to prove the lemma, we will first show the following:

Proposition 13.4. If Py, Py are p-subgroups of G then

Z(0G)p, Z(0G)p, € Y Z(OG)p.
P<gh
P<gP:

Proof. Let I be the right hand side. Since pZ(OG) C Z(OG)p for any p-
subgroup P of G, it suffices to show that whenever C; is a conugacy class whose
defect group is conjugate to a subgroup of P; and C; is a conjugacy class whose

defect group is conjugate to a subgroup of P, then (ié\j clr

Now, @CAJ => aileAl. If a;j; = 0 (mod p) then a;5 € 51 € pZ(0OG) C I
If a;j; # 0 (mod p) then let P be a defect group of C;. Clearly, C € Z(0G)p
and by m both C;,C; are P-defective so P <g P, P <¢g P> so CAZ e I. So,
CCel. 0
Proof (of 13.3). If P € Syl,(G) then Z(OG)p = Z(OG). So, apply With
P, or P; a Sylow p-subgroup. O

Definition 13.5. If e is a block (idempotent) in Z(OG) then a defect group of
e is a minimal P-subgroup P of G such that e € Z(OG)p.

13.6. The defect groups of any given block are conjugate.
In order to prove this, we will need the following.

Lemma 13.7 (Rosenberg’s Lemma). Let R be a ring and e an idempotent of
R. Suppose eRe is local (that is, it has a unique mazimal two-sided ideal). We
know eRe = Endg(R)°P. If c € Y I, where the I, are two-sided ideals, then
there is an o such that ¢ € 1.

Proof. Since e is an idempotent and contained in ) I,, e € > elae. Since
eRe has a unique maximal 2-sided ideal, ¢ = Id.g. so not all el,e can be in the
maximal ideal. So, there is an « such that el,lphae = eRe C I,. O

Proof (of 13.6). If e € Z(OG)p, N Z(OG)p, then by

e=e’c Y  Z(OG)p.
P<gPy
P<gP
So, by there is a p-subgroup P of G such that P <g P, P <g P,
and e € Z(OG)p. If Py, P, are minimal then P, ~g P and P, ~g P so
P ~q Ps. O
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14 Relative projectivity and the transfer map

The transfer map

Let H < G. G acts on OG by conjugation. The fixed points are (OG)¢ =
Z(0G), and (OG)H has a O-basis consisting of H-conjugacy class sums in G,
{x ~p y if and only if 3h € H,hxh™! = y}. If € (OG)H define

TG(z) = Y gaug™!
geG/H

where G/H is a set of representatives of left cosets of H in G. To see that
this is independent of choice of coset representatives, let two choices of coset
representatives be {g1,...,¢:} and {g1h1,...,g:h:}. Then, with respect to the
second set,

¢
Tefi(z) = ) gihiwh;'g; " = sumi_ g;zg; "
i=1
since z is H-invariant.
We call Tr the transfer map and denote the image by (OG)%.

Lemma 14.1. (i) If H <K <G,
Te Triy (2) = Tef (x).
(ii) Tr Resk is multiplication by [K : H].
(i) (OG)H is an ideal of Z(OG).

Proof. For the third part, let z € (OG), y € (OG)C. Then Tr§ (z) - y is given
by Tr& (xy). For the rest of the proof, see [Web16, 11.3.1, 11.3.2, 11.3.3.] O

Lemma 14.2. Suppose P is a Sylow p-subgroup of H. Then (OG)H = (0G)S.

Proof. If z € (OG)H then z = Tr¥ (ﬁx) SO

Gy _ G i (1 _ a1
Try(x) = Trg Trp ([H : P];U) =Trp ([H ; P}x> .
O
Lemma 14.3. If P is a p-subgroup of G then Z(OG)p = (OGS + pZ(OG).

Proof. Take a P-conjugacy class sum in G, and transfer it up to G. If g is in a
P-conjugacy class,

T > wgrT!) = sumgec/opgr9r ' =|Calg)Cr(9)IC,
T € reps
of P/Cp(g)
where C4 is the G conjugacy class containing g. But |Cg(g) : Cp(g) is not
divisible by p if and only if C'p(g) is a defect group of C, containing g, which is
equivalent to P containing a defect group of Og. O
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Lemma 14.4. If e is a primitive idempotent in Z(OG) with defect group D,
then e € (OG)S, that is, there is an x € (OG)P such that e = 2_4eG/D grg~ L.

Proof. Use [14.3] and O

Corollary 14.5. If N is an indecomposable OG-module lying in a block with de-
fect group D there is an endomorphism 6 € Endop (M) such that deG/D glg~t =
Idyy -

Proof. Let e be a block idempotent. Then by [14.4 >3 . = e for some
r € (OG)P, and e acts on M by the identity whilst z as an O D-endomorphism

0. O
Relative Projectivity
Let R be a commutative ring.

Definition 14.6. Let H < G, and let M be an RG-module. M is (relatively)
H-projective if in any diagram of the form below, whenever the dotted arrow
exists as an RH-module homomorphism making the diagram commute, it also
exists as an RG-module homomorphism making the diagram commute.

-
-
-
-
-
-
%

M — M —0

Dually, M is said to be (relatively) H-injective if in any diagram of the form be-
low, whenever the dotted arrow exists as an RH-module homomorphism making
the diagram commute, it also exists as an RG-module homomorphism making
the diagram commute.

M

2
-
-
-
-
-
-

M1<7M2<;0

Theorem 14.7 (Relative version of . Let H < G, and let M be an RG-

module. The following are equivalent.

(i) M is H-projective;

(i) M is H-injective;

(iti) (Higman) There is a 0 € Endgy (M) such that 3 cc/n g0g~t =Tdyy;
(iv) M is isomorphic to a direct summand of U Tg for some RH-module U;

(v) M is isomorphic to a direct summand of M |p1;
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(vi) The natural surjective RG-module homomorphism M |g1¢— M taking
g ®m to gm splits;

(vii) The natural injective RG-module homomorphism M — M |y1¢ taking
m to deG/H g ® g 'm splits.

Proof. Let H < G and let M be an RG-module.
(vi) + (vii) = (v) = (i) is immediate.
(i) = (vi): the map in (vi) has an H-splitting given by m — 1 ® m.

gn g€ H

(14) = (vii): the map in (vii) has an H-splitting given by g®@m { 0 otherwise

(i4i) = (i) Consider the diagram

0> M
o J:Y
P

M1L>M24>O

where p is an RH-homomorphism such that v = ap. Set
p= > gpbg".
geG/H
Then p’ is an RG-homomorphism with ap’ = 7.
(iii) = (ii) is similar.
(iv) = (iid) If M = U 1€ let ' € Endgy (M) be defined by

/ _Jgm g€eH
0'(g@m)= { 0 otherwise.

If M is a summand of U 1€ then
0: M —— U1° L5 U1¢ —s M

works.

O

Examples. If R is commutative then RG is 1-free (=2 R 1¢). Projective
modules are 1-projective, and over a field the notions of projectivity and 1-
projectivity agree. Every RG-module is G-projective.

Consequently, if B is a block of OG with defect group D and block idem-
potent e, and if M is an OG-module such that eM = M then M is a direct
summand of a module induced from D ( and implies that every
module with defect group D is D-projective.

42



15 Examples of blocks 1: defect 0

Recall that a block of G is the specification of a block idempotent e of OG, also
the corresponding block of kG, also the modules which belong to these blocks,
the KG-modules which belong to these blocks, also the ring direct factors eOG
and ekG of kG.

Definition 15.1. If B is a block of OG or kG with defect group D of order p?,
then we say D is a block of defect a.

Suppose B is a block of defect 0, that is, D = {1}. Let e be a block
idempotent. We can ask which kG-modules lie in B. An induced kG-module
from {1} is free so every kG-module in B is a summand of such a thing, hence
is projective.

It is easy to show by induction that ever finitely generated kG-module in B
is semisimple. Hence, J(ekG) = 0. By Wedderburn ekG = [ My, (A).

Consequently, there is only one isomorphism class of simple kG-modules S,
but everything is projective, so S is simple and projective. Since S is a projective
kG-module, idempotent refinement ﬂ 1mphes that it lifts uniquely (up to
isomorphism) to a projective OG-module, S. Then, K ®0 Sisa simple KG-
module. Since the columns of the decomposition matrix give the composition
factors of K ®p S it follows that the decomposition and Cartan matrices are

(1).

Proposition 15.2. If B is a block of defect 0, the simple module in B has
dimension divisible by the p-part of the group order, |G|,.

Proof. Let P € Syl,(G). Let S be simple in B. Then S |p is a projective
kP-module since S is a projective kG-module. But the unique projective in-
decomposable kP-module is kP. So, S |p is a direct sum of copies of kP. In
particular, the dimension is divisible by |P]|. O

Lemma 15.3. kP has a unique simple module, and hence a unique projective
indecomposable.

Proof. O

We might hope that if char(k) = p and S is a simple kG-module of dimension
divisible by |G|p, then S is necessarily projective, but this turns out to be false.
In the 1980s, John Thackray showed that the sporadic simple group McL has
a simple module in characteristic two of dimension 2° - 7. This module is not
projective, and the 2-part of the group order is 27.

The decomposition matrix of kP has only one column with entry dim V'
corresponding to the simple K P-module dimV. Let W be an O-form for V.
Then the composition factors for k ® o W are k of multiplicity dim V. If E is
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the decomposition matrix, then
E=|dimV

so the Cartan matrix ETE is (| P|) since |P| = > (dim V)? as V runs over the
representations of the simple modules.

15.4 ((Open) problems: local-global conjectures). In 1963, Brauer’s Problem 19
appeared: can the number of blocks of defect 0 of a finite group G be described
in terms of the group theoretic invariants of G7 It was solved by G. Robinson
in 1983.

The Alperin-McKay conjecture states that the number of simple kG-modules
is given by

> |{blocks of defect 0 of Ng(D)/D}|

ccls of p-subgroups
D<@, including 1=D
The McKay conjecture (1972) states that there is a count of chaacters of p’-
degree, whereas the conjecture above is concerned with characters whose degree
has maximal possible p-part. The McKay conjecture says that, for P € Syl (G),
if Irr, (G) is the set of irreducible characters x with p{ x(1),

[ Trrpy (G)| = [ Trry (N (p))]-

16 Examples of blocks 2: blocks of finite type

For reps of (Z/p™Z) in chatacteristic p, consider Jordan canonical form for a
generator. For an indecomposable representation there is a single Jordan block.
XP" —1=(X —1)P" so the eigenvalues are all 1. So, the Jordan block has the
form

11 0 0 0

0 1 1 0 0
J=1:
00 0 1 1
00 0 0 1

d

The order of this matrix is the smallest p-power bigger than d: the entries
appearing in J™ are (%) for some 0 < i < n and with n always appearing directly
above the diagonal, so the order is p® for some a. If p® < d then some entry
strictly above the diagonal is 1, so we must have p* > d. If 1 < d < p® then
since p | (?) for all 1 < a < p* — 1, JP* = Id. Consequently, there are p"
isomorphism classes of indecomposable k(Z/p™Z)-modules and they correspond
to blocks of size d where 1 < d < p".
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Definition 16.1. Say that a ring A has finite (representation) type if there are
finitely many isomorphism classes of indecomposable A-modules, otherise say A
has infinite (representation) type.

Example 16.2. If a block of kG has a cyclic defect group D then there are
only a finite number of indecomposable kG-modules lying in the block. (Every
indecomposable is a direct summand of (Jordan block for D)1¢ where D is the
defect group of the given block.)

Theorem 16.3. Let R € {O,k}, and let P € Syl (G). Then, RG has finite
representation type if and only if RP has finite representation type.

Proof. |G : P] is invertible in R so every RG-module M is a summand of some
module U 1% (by [14.2). Without loss of generality, we may assume U is in-
decomposable, for if it splits as U = Uy @ Uy, U 19= U; 1¢ @U, 1¢ and
Krull-Schmidt [0.I] applies. So, the indecomposable summands of G are the in-
decomposable summands of U; 1¢ together with the indecomposable summands
of U2 TG.

If RP has finite type then there are only finitely many modules U Tg with
U indecomposable, and by Krull-Schmidt there are only finitely many iso-
morphism classes of summands. hence RG is of finite type.

Conversely, every RP-module U is a direct summand of U T]C:;'MGD by
hence a direct summand of some V' ig. If U is indecomposable, we can assume
V' is indecomposable, and if RG has finite type there are only finitely many
possibilities by Krull-Schmidt hence RP has finite type. O

Consequently, (Z/p™Z) has finite type over a field of characteristic p so by
[16.3] groups with cyclic Sylow p-subgroups have finite type. Amazingly, the
converse is also true.

Example 16.4. If G = C}, x C,, suppose it is generated by g, h. Let k£ be an
infinite field of characteristic p. For each A € k we can construct an indecom-
posable kG-module M) with matrix representation

. 1 1 b 1 A
97 o 1) 1
If X # p then it is straightforward to see that My 2 M,, so we have an
infinite number of indecomposable non-isomorphic kG-modules.

In fact, the group algebra k(C, x C}) has infinitely many indecomposables
of any given dimension (see [Web16]).

Theorem 16.5 (D. Higman). Let char(k) = p. Then, kG has finite type if and
only if the Sylow p-subgroups of G are cyclic.

Proof. By we may assume that G is a p-group. By the discussion at the
start of the chapter, k(Z/p"Z) has finite type, so suppose P is a non-cyclic
P-group. Then, P has C, x C,, as a homomorphic image. To see this, let ®(P)
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be the Frattini subgroup of P, that is, the smallest N < P such that P/N is
elementary abelian: the group analogue of the Jacobson radical.
So, P/®(P) is elementary abelian isomorphic to C), X --- x C}, and P can
—_————

d multiplicands
be generated by d things and no fewer. Since P cannot be generated by a single

element, d > 2.

Hence, we may lift each non-isomorphic indecomposable representations
of Cp x C}, to get an infinite number of indecomposable non-isomorphic kP-
modules. O

17 Brauer’s First Main Theorem

This section will prove that, for R € {O, k} there is a 1-1 correspondence be-
tween blocks of RG with defect group D, and blocks of RNg(D) with defect
group D. It turns out that it suffices to consider the case r = k, because
reduction mod p preserves D.

Lemma 17.1. Suppose D is a p-subgroup of G and char(k) = p. Then:
(i) (kG)P = kCq(D) @ X piop(kG)p, and
(i) (kG)NoP) = (kCa(D)NoP) & 321, 6 < wo () (RPN

In each case this is a direct sum of a subring and a 2-sided ideal.

Proof. For the first, part, let D act by conjugation. The space (kG)” has basis

over k consisting of the D-conjugacy class sums, Cy.p = Z;ng x. If the orbit
has length one then CAg7D € kCq(D), otherwise let D' = Cp(g) < D, with left
coset representatives dy,...,ds of D' in D. So,

Cop =Y 8igb; " € (kG)D
=1

as CAg7D is precisely the set {61957 ', ..., 85905 1 }. Finally, kCq(D)NY. pr - p (kG)B, =
{0} in characteristic 0 by definition of the transfer map and since D’ < D has
index p* for some k.

The second part is left as an exercise. The idea is to split the orbit of N (D)
into pieces, on some of which the action is trivial and on the remainder of which
there are no fixed points. In each case, the right hand side is a 2-sided ideal by

[41 O

Remarks. (i) follows from a general result about permutation representations,
see [Webl6, 12.5.3].

The intersection being {0} fails over O, but there is a correspondence be-
tween blocks of kG and blocks of OG preserving defect groups, so in counting
blocks we can work over k without loss of generality.
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Definition 17.2. We define the Brauer morphism as the ring homomorphism
given by projection Brp : (kG)P? — kCg(D) given by projection onto the
first factor in i). Since the second factor is a 2-sided ideal, this is a
homomorphism.

Remark. In a sense, we are really only interested in the map Brp : Z(kG) —
Z(kCg(D)) obtained by restriction, since this is where the central idempotents
live. Recall Z(kG) = (kG)Y < (kG)P. The point of the more general definition
is seen in [17.6l

Theorem 17.3. Let G be a finite group with a normal p-subgroup D. Then
every block idempotent in the centre Z(kG) lies in kCq (D).

Proof. Suppose S is a simple kG-module. Then S? is a nontrivial kG-submodule
of S since S | contains a copy of the trivial module. So, S” = S and D acts
trivially on S. Now, kG/J(kG) is semisimple so D must act trivially on it. In
characteristic p, kG/J(kG)B, = 0 for any D’{D, for if z € (kG)"',s € S then

() s = Z grg~t-s= Z x-s.
geD/D’ D/D’
This is [D : D']x-sand p | [D : D'] so
> (k@B < J(KG).
D'<D

Let e be a block idempotent in kG. Write e = z + y with = € kCg(D),y €

ZD/<D(kG)B" Now, z? + Ty = xe = exr = z? + Yy, so x,y commute so
e=e?" = (z+y)P =aP" +yP" for all n. Taking n sufficiently large, y?" = 0
since the radical is nilpotent. So, e = 27" € kCg(D). O

Corollary 17.4. If Cq(D) < D <G then kG has only one block.

Proof. Cg(D) is a p-group since it is a subgroup of D and the group algebra of
a p-group has all idempotents either 0 or 1. So, kC(D) has only one nonzero
idempotent, namely 1 (since 1 simple module means one projective indecom-
posable). Now apply [17.3] O

If H < @ such that DCg(D) < H < Ng(D) then says that every
idempotent in Z(kH) lies in kC¢ (D). Let e € Z(kH) be a primitive idempotent
corresponding to the direct factor b of kH. Let

Il=e+ - +es

be a decomposition into primitive orthogonal idempotents in Z(kG). This cor-
responds to the block decomposition of

kG:Bl><'~-XBS.
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Then, in the centre of kH we have that

e=¢cl = eBrD(]_) = eBrD(el + .. +es)
=eBrp(er) +--- + eBrg(es).

Since e is primitive, e = eBrp(e;) for some I and eBrp(e;) = 0 for all
j # i. Define the Brauer correspondent b of B to be the block B; of kG. In
general the Brauer correspondence just defined is not 1-1 but when H = N¢ (D),
Brauer’s First Main Theorem says that there is a 1-1 correspondence between
blocks with defect group D.

Lemma 17.5. Let char(k) = p, e be a block of kG, D < G. The following are
equivalent.

(i) The block e € Z(kG) has defect group D;
(ii) e € (kG)% and Brp(e) # 0;
(i1i) D is a mazximal subgroup of G such that Brp(e) # 0.

Proof. We first claim that A central idempotent e lies in (kG)$ if and only if
its defect group De is G-conjugate to a subgroup of D. This follows from the
definition of the defect group of e, using that, if De <& D,

Z(kG) pe € Z(KG)p.

Now suppose e has defect group D. We now claim that Brp(e) # 0. By
definition, e € (kG)B, for all D’ <¢ D. Equivalently, e ¢ ZD<GD(kG)B, by
Rosenberg’s Lemma [13.7] As

kerBrp N(kG)3 = Y (kG)B,
D’'<GD

we have that Brp(e) # 0. This also shows that Brp(e) =0 if D < De.

We now claim that Brp(e) is a primitive idempotent. The fact that it is an
idempotent follows from the fact that Brp is a ring homomorphism. To see that
it is primitive, one way is to use a general form of idempotent refinement,

Lemma. If A, B are finite dimensional k-algebras and I,J are ideals of A, B
respectively and f : A — B is an algebra homomorphism such that f(I) = J,
then if we have that e is a primitive idempotent of A contained in I such that
f(e) #£0 then f(e) is a primitive idempotent of B.

The proof of this lemma is the same as the proof of idempotent refinement,
9.0l
The map is also injective and surjective by O

So D has both minimal and maximal properties.

Remark. Compare iii) to which says a defect group D is minimal
amongst subgroups for which e € Tr%(z) for some z € (kG)P.
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Theorem 17.6. We have a commutative diagram:

(kG)P —22 5 kCe(D)

e} Ng (D)
lTrD lTrDG

(kGG 2y kCo(D)Ne®)

In words, “transfer followed by Brauer is the same as Brauer followed by trans-

fer.”

Proof. Observe (kG)§, C (kG)¢ = Z(kG) C (kG)P. Also, kCq(D) = (kCe(D))P
and kCq(D)N¢P) C Z(kCa(D)).
Let z € (kG)P,

T‘I‘g($> = Z Trgﬁng*1<gxg_1)7
geD\G/D

since for each (D, D)-double coset representative g € G, we can take the set
of left coset representatives 6(g) = {dg,1,.--,0g,n(g)} of DN gDg~ ' in D, and
then we get a set of left coset representatives {4y, - g} of D in G, see [Web16,
11.3.1.(4)].

We now have two cases: either D N gDg™" is a proper subgroup of D or it
is all of D. If D N gDg™! is a proper subgroup of D,

1

Brp ’I‘rgnngfl (gzg™) =0

because we multiply by indices which are p-powers. So, the only terms that
contribute have D N gDg~! = D which occurs if and only if g € Ng(D).
So,

Br(Tr$(z)) = Z Brp TrD
gED\Ng(D)/D

= Y Bro(gzg™)

geNg(D)/D

by the normality of D in Ng(D).
Now, since Ng (D) acts on both kC (D) and Y, ,(kD)B, respectively so

Brp(Trp(x)) = > gBrp(a)g™
9€Ng(D)/D

= Trp? P (Brp(x))

and Brp commutes with TrgG(D). The bottom map is surjective by general

nonsense. O
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Theorem 17.7 (The Brauer Correspondence). Brp induces a 1-1 correspon-
dence between block idempotents in Z(kG) with defect group D and primi-

tive idempotents in (kCg(D))gG(D). The correspondence is given by sending

e € (kG)% to Brp(e).

Corollary 17.8 (Brauer’s First Main Theorem, 1944,1956,1970). Let k be a
field of characteristic p that is a splitting field for G and all of its subgroups.
Let D be a p-subgroup of G and let H be a subgroup of G containing N (D).
Then there is a one-to-one correspondence between the blocks of kG with defect
group D and the blocks of H with defect group D.

Proof. Since Ng(D) < H < G, Cy(D) = Ce(D) and Ny (D) = Ng(D). So we
have

block idempotents in
Z(kG) with defect group D

—

block id tents i primitive idempotents in
{ ock idempotents in } {

Z(kH) with defect group D kCG(D)gG(D):kcH(D)gH(D)

using [I7.7] twice. O

Exercise. Show that if b is a block of kNg(D) with defect group D then b% is
the corresponding block of kG with defect group D. (See [Webl6, 12.6.4].)

An extended version of Brauer’s main theorem is the following: there is a
correspondence between blocks of kNg(D) with defect group D, and Ng(D)-
conjugacy classes of blocks b of k(DC¢ (D) /D) of defect 0 such that p t [Stab(b) :
DC¢(D)] under the action of Ng(D) by conjugation.

Brauer’s second main theorem says that the Green correspondence is com-
patible with the Brauer correspondence.

Brauer’s third main theorem says that the Brauer correspondent of a block
is principal if and only if that block is the principal block.

These are covered in [Ben98, §6], [Alp86] and [Thé95).

On cyclic defect groups, the Brauer tree algebras describe the structure of
projective indecomposable modules graph theoretically.
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